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ON ELEMENTARY ESTIMATES FOR SUM OF SOME
FUNCTIONS IN CERTAIN ARITHMETIC PROGRESSIONS
THEOPHILUS AGAMA
Abstract. In this paper we establish, by elementary means, estimates for the
sum of some functions in certain arithmetic progressions.
1. Introduction
Very often in elementary number theory, solving certain problems require know-
ing an estimate for the sum
∑
n≤x
n∈Fn
G(n), where G(n) is some arithmetic function
and Fn is some arithmetic progression over which the summation is performed.
The arithmetic function ranges from 1 to many others like the logarithmic function
function. Consider, for example, the estimate
∑
n≤x
Ω(n)=k
1 = (1+ o(1)) xlog x
(log log x)k−1
(k−1)! ,
a generalization of the prime number theorem [1]. In this paper we establish similar
estimates.
2. Elementary estimates
Theorem 2.1. For all x ≥ 5, ∑
n
Ω(n)=2
p|n
2<p≤x
1 =
(
π(x)
2
)
.
Proof. Suppose that x ≥ 5. Let ℘x := {2 < p ≤ x}, the set of all odd primes less
than or equal to x. Notice that the set ℘x can be written as ℘x = {p1, p2, . . . , pm}.
Let us introduce the set S := {p1 · p1, . . . , p1 · pm} ∪ . . . ,∪{pm−1 · pm−1, pm−1 ·
pm} ∪ {pm · pm}. Thus we can write S = S1 ∪ S2 ∪ . . . ∪ Sm−1 ∪ Sm, where
Sj := {pj · pj , . . . pj · pm} for all 1 ≤ j ≤ m. We observe that #S1 = π(x) − 1,
#S2 = π(x) − 2 . . . ,#Sm = 1. Because S1 ∩ S2 ∩ . . . ,∩ Sm = ∅, it follows that
#S =
(
π(x) − 1
)
+
(
π(x) − 2
)
+ · · · + 1 = π(x)
(
π(x) + 1
)
/2 − π(x). On the
other hand, we notice that #S =
∑
n
Ω(n)=2
p|n
2<p≤x
1. By combining these estimates the result
follows immediately. 
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Corollary 2.1. For every sufficiently large positive integer n, there exist some odd
primes px, py, pz and pw, at least one distinct, such that pxpy ≡ pzpw (mod n).
Proof. Let n ≥ 5 be an integer and consider the set ℘n := {p1, p2, . . . , pm}, where
℘n := {2 < p ≤ n}. Theorem 2.1 ensures that
#S := {p1p1, p1p2, . . . , p1pm} ∪ . . . ∪ {pm−1pm−1, pm−1pm} ∪ {pmpm} = π(n)(π(n) − 1)
2
.
Using the prime number theorem in the form π(n) = (1+ o(1)) nlog n , it follows that
#S = π(n)(π(n)−1)2 =
(
1/2+ o(1)
)
n
logn
(
(1 + o(1)) nlogn − 1
)
. Taking n sufficiently
large, it follows that #S > n. It follows from Theorem 2.1 and the pigeon-hole
principle that there exist some odd primes pa, pb, px and py, at least one distinct,
such that papb ≡ pxpy (mod n), and the result follows immediately. 
Example 2.2. Let us consider n = 20. By Theorem 2.1, it suffices to consider the
odd primes less than or equal to 20. Thus, ℘20 = {3, 5, 7, 11, 13, 17, 19}. Again by
Theorem 2.1, it follows that S20 := {3 · 3, 3 · 5, 3 · 7, 3 · 11, 3 · 13, 3 · 17, 3 · 19} ∪ {5 ·
5, 5 · 7, 5 · 11, 5 · 13, 5 · 17, 5 · 19}∪{7 · 7, 7 · 11, 7 · 13, 7 · 17, 7 · 19}∪{11 · 11, 11 · 13, 11 ·
17, 11 · 19} ∪ {13 · 13, 13 · 17, 13 · 19} ∪ {17 · 17, 17 · 19} ∪ {19 · 19}. We observe that
55 ≡ 35 (mod 20), 35 ≡ 15 (mod 20), as asserted by the corollary.
Theorem 2.3. For every positive integer x∑
n≤x
(2,n)=1
⌊
log( xn )
log 2
⌋
=
x− 1
2
+
(
1 + (−1)x
)
1
4
.
Proof. The plan of attack is to examine the distribution of odd natural numbers
and even numbers. We prove this theorem for the case x is odd and for the case x
is even. Assuming x is odd, we first observe that there are as many even numbers
as odd numbers less than any given odd number x. That is, for 1 ≤ m < x,
there are (x − 1)/2 such possibilities. On the other hand, consider the sequence
of even numbers less than x, given as 2, 22, . . . , 2b such that 2b < x; clearly there
are ⌊ log xlog 2 ⌋ such number of terms in the sequence. Again consider those of the form
3 · 2, . . . , 3 · 2b such that 3 · 2b < x; Clearly there are
⌊
log(x/3)
log 2
⌋
such terms in this
sequence. We terminate the process by considering those of the form 2 · j, . . . , 2b · j
such that (2, j) = 1 and 2b · j < x; Clearly there are
⌊
log(x/j)
log 2
⌋
such number of
terms in this sequence. The upshot is that (x − 1)/2 = ∑
j≤x
(2,j)=1
⌊
log(x/j)
log 2
⌋
. For the
case x is even, we observe that there are x/2 even numbers less than or equal to
x. On the other hand, there are
∑
j≤x
(2,j)=1
⌊
log(x/j)
log 2
⌋
even numbers less than or equal
to x. This culminates into the assertion that (x− 1)/2 + 12 =
∑
j≤x
(2,j)=1
⌊
log(x/j)
log 2
⌋
. By
combining both cases, the result follows immediately. 
Remark 2.4. We demonstrate this theorem in the case x is even as well as in the
case x is odd, in the following examples.
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Example 2.5. For the case x is even, let x = 20. Then the right hand-side
of the formula gives 202 = 10. The left hand-side, on the other hand, gives∑
n≤20
(2,n)=1
⌊
log(x/n)
log 2
⌋
=
⌊
log 20
log 2
⌋
+
⌊
log(20/3)
log 2
⌋
+
⌊
log(4)
log 2
⌋
+
⌊
log(20/7)
log 2
⌋
+
⌊
log(20/9)
log 2
⌋
+
⌊
log(20/11)
log 2
⌋
+
⌊
log(20/13)
log 2
⌋
+
⌊
log(20/15)
log 2
⌋
+
⌊
log(20/17)
log 2
⌋
+
⌊
log(20/19)
log 2
⌋
= 4 + 2 + 2 +
1 + 1 + 0 + 0 + 0 + 0 + 0 = 10. In the case x is odd, pick x = 19, then the
right hand-side of the formula gives (19 − 1)/2 = 9. The left hand-side gives∑
n≤19
(2,n)=1
⌊
log(x/n)
log 2
⌋
=
⌊
log 19
log 2
⌋
+
⌊
log(19/3)
log 2
⌋
+
⌊
log(19/5)
log 2
⌋
+
⌊
log(19/7)
log 2
⌋
+
⌊
log(19/9)
log 2
⌋
+
⌊
log(19/11)
log 2
⌋
+
⌊
log(19/13)
log 2
⌋
+
⌊
log(19/15)
log 2
⌋
+
⌊
log(19/17)
log 2
⌋
+
⌊
log(19/19)
log 2
⌋
= 4 + 2 + 1 +
1 + 1 + 0 + 0 + 0 + 0 = 9
Remark 2.6. We use the above estimate to obtain a formula for the prime counting
function π(x) :=
∑
p≤x
1.
Corollary 2.2. For all positive integers x
π(x) =
(x− 1) log(√2) + θ(x) + (log 2)
(
H(x) −G(x) + T (x)
)
+
(
1 + (−1)x
)
log 2
4
log x
,
where
H(x) :=
∑
p≤x
{
log(xp )
log 2
}
, G(x) :=
⌊
log x
log 2
⌋
+
∑
n≤x
Ω(n)=k
k≥2
26|n
⌊
log( xn )
log 2
⌋
, T (x) :=
⌊
log(x2 )
log 2
⌋
θ(x) :=
∑
p≤x
log p, and {·}
denotes the fractional part of any real number.
Proof. We use Theorem 2.3 to establish an explicit formula for the prime count-
ing function. Theorem 2.3 gives (x− 1)/2 =
∑
n≤x
(2,n)=1
⌊
log(x/n)
log 2
⌋
− (1 + (−1)x)1/4,
which can then be recast as
(x− 1)/2 =
∑
p≤x
⌊
log(x/p)
log 2
⌋
−
⌊
log(x/2)
log 2
⌋
+
⌊
log x
log 2
⌋
+
∑
n≤x
Ω(n)=k
k≥2
26|n
⌊
log(x/n)
log 2
⌋
−
(
1 + (−1)x
)
/4,
where p runs over the primes. It follows by futher simplification that
(x− 1)/2 = 1
log 2
(
log x
∑
p≤x
1−
∑
p≤x
log p
)
−
∑
p≤x
{
log(x/p)
log 2
}
+
⌊
log x
log 2
⌋
−
⌊
log(x/2)
log 2
⌋
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+
∑
n≤x
Ω(n)=k
k≥2
26|n
⌊
log(x/n)
log 2
⌋
−
(
1 + (−1)x
)
/4.
It follows that
(x− 1) log
√
2 = π(x) log x− θ(x) − (log 2)
(
H(x)−G(x) + T (x)
)
−
(
1 + (−1)x
)
/4,
where
H(x) :=
∑
p≤x
{
log(xp )
log 2
}
, G(x) :=
⌊
log x
log 2
⌋
+
∑
n≤x
Ω(n)=k
k≥2
26|n
⌊
log( xn )
log 2
⌋
, T (x) :=
⌊
log(x2 )
log 2
⌋
,
and θ(x) :=
∑
p≤x
log p,
and the result follows immediately. 
Definition 2.7. For any positive integer n, then we set
Υ(n) :=


log p if n = p2
log p1 + log p2 if n = p1p2, p1 6= p2
0 otherwise,
where p, p1 and p2 are primes.
The values of this function for the first ten positive integers are given by the
following: Υ(1) = 0, Υ(2) = 0, Υ(3) = 0, Υ(4) = log 2, Υ(5) = 0, Υ(6) = log 6,
Υ(7) = 0, Υ(8) = 0, Υ(9) = log 3, and Υ(10) = log 10. Let us study the partial
sums of this function. We establish heuristically, an estimate for the partial sum
below. We observe that∑
n≤10
Υ(n) = Υ(4) + Υ(6) + Υ(9) + Υ(10)
= log 2 + (log 2 + log 3) + log 3 + (log 2 + log 5)
= 3 log 2 + 2 log 3 + log 5
= π(10/2) log 2 + π(10/3) log 3 + π(10/5) log 5.
Also we observe that∑
n≤20
Υ(n) = Υ(4) + Υ(6) + Υ(9) + Υ(10) + Υ(14) + Υ(15)
= log 2 + (log 2 + log 3) + log 3 + (log 2 + log 5) + (log 2 + log 7) + (log 3 + log 5)
= 4 log 2 + 3 log 3 + 2 log 5 + log 7
= π(20/2) log 2 + π(20/3) log 3 + π(20/5) log 5 + π(20/7) log 7.
So that we have the estimate:
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Lemma 2.8. ∑
n≤x
Υ(n) =
∑
p≤x/2
π(x/p) log p.
Remark 2.9. We are now ready to establish the estimate:
Theorem 2.10. ∑
p≤x/2
log p
p
(
1− log p
log x
)−1
∼ (log x)(log log x)
as x −→∞.
Proof. First, we observe that
∑
n≤x
Υ(n) =
∑
n≤x
Ω(n)=2
logn − θ(√x). Using the result,
∑
n≤x
Ω(n)=2
1 = (1 + o(1)) xlog x log log x [1], it is easy to see that
∑
n≤x
Ω(n)=2
logn − θ(√x) =
(1+o(1))x log log x. Lemma 2.8 also gives
∑
n≤x
Υ(n) =
∑
p≤x/2
π(x/p) log p. Appealing
to the prime number theorem in the form π(x/p) = (1 + o(1)) x/plog(x/p) , it follows
that
∑
n≤x
Υ(n) = (1 + o(1)) xlog x
∑
p≤x/2
log p
p
(
1 − log plog x
)−1
. By comparing the two
estimates of
∑
n≤x
Υ(n), the result follows immediately as x −→∞. 
Conjecture 1. For all positive integers n > 2, let λn = ⌈2(logn! + 1)⌉, and µn =
⌊log logn!⌋. Then there exist some ǫ ∈ [0, 1] and δ ∈ [−2, 2] such that pn =
⌈λn − µ2+ǫn + δ⌉, where pn is the nth prime number; in particular, for all n > 2
pn ∈
]
λn − µ3n − 2, λn − µ2n + 2
[
.
Conjecture 2. For every sufficiently large even number number n, there exist some
odd primes pm, pt and po with (pm, n) = 1 such that pmpo ≡ −pmpt (mod n).
Remark 2.11. We comment that conjecture 2 is equivalent to Golbach’s conjecture.
Since the assertion follows that there exist some t0 ∈ Z+ and some odd primes
pm, po and pt such that pmpo + pmpt = nt0, it follows that t0 must neccessarily
be pm. Suppose t0 6= pm, then it follows that t0|(po + pt), in which case we will
have that pm|n, which contradicts the hypothesis. Thus t0 = pm, and we have that
po + pt = n.
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